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Abstract

We use Poisson approximation techniques for sums of indicator ran-
dom variables to derive explicit error bounds and central limit theo-
rems for several functionals of random trees. In particular, we consider
(i) the number of comparisons for successful and unsuccessful search
in a binary search tree and (ii) internode distances in increasing trees.
The Poisson approximation setting is shown to be a natural and fairly
simple framework for deriving asymptotic results.
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1 Introduction and brief sketch of Poisson

approximation

Many quantities of interest in the study of random trees can be naturally
represented as sums of indicator random variables. In fortunate cases, these
indicators are independent, but often they are not. Our interest here focuses
on two different types of random trees: binary search trees and increasing
trees. Binary search trees are described in detail by Mahmoud [14]; the
class of increasing trees treated here includes, among others, recursive trees,
plane-oriented recursive trees, and increasing binary trees. We use Poisson
approximation techniques to study several quantities of algorithmic interest
associated with these trees. The method not only gives explicit bounds for the
error approximation, but also leads immediately to central limit theorems.

The Chen-Stein approach to Poisson approximation ([6], [7], [18]) pro-
vides a powerful tool for approximating probabilities by a Poisson distribu-
tion. A particular advantage of this approach is that it can often be used to
approximate the distribution of sums of dependent indicator variables, when
the dependence is local or otherwise sufficiently weak. Excellent accounts of
the goals and methods of Poisson approximation may be found in the review
paper by Arratia, Goldstein, and Gordon [1] and in the book by Barbour,
Holst and Janson [4].

The total variation distance dTV on probability measures P and Q over
Z+ is defined by:

dTV(P, Q) := sup
A⊆Z+

|P (A) − Q(A)| =
1

2

∑

j≥0

|P ({j}) − Q({j})|.

Let Po(λ) denote the probability distribution of a Poisson random variable
with parameter λ. Let Po(λ; A) denote the corresponding measure of event
A. For a random variable X, let L(X) denote the distribution (law) of X.
An important fact for our purposes ([4], p. 17) is that if Wn is a sequence of
random variables for which

dTV(L(Wn), Po(λn)) → 0 and λn → ∞,

then
Wn − λn√

λn

d→ N(0, 1),
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where
d→ denotes convergence in distribution and N(0, 1) is a standard normal

random variable.
Following [1], we describe our general setup. Given a finite or countable

index set I, for each α ∈ I, let Xα be a Bernoulli random variable with
pα := P (Xα = 1) > 0. Let

W :=
∑

α∈I

Xα, λ := E[W ] =
∑

α∈I

pα.

For each α ∈ I, choose Bα ⊆ I with α ∈ Bα. We think of Bα as a “neigh-
borhood” of α such that if β /∈ Bα, then Xα and Xβ are almost (or exactly)
independent. Define

b1 :=
∑

α∈I

∑

β∈Bα

pαpβ,

b2 :=
∑

α∈I

∑

β∈Bα
β 6=α

pαβ, where pαβ := E(XαXβ), and

b3 :=
∑

α∈I

E[|E[Xα − pα|Xβ : β /∈ Bα]|].

The basic result we use is:

Theorem 1 (Arratia, et al. [1])

dTV(L(W ), Po(λ)) ≤ 2

[
(b1 + b2)

1 − e−λ

λ
+ b3 min

(
1, 1.4λ−1/2

)]

≤ 2(b1 + b2 + b3).

When the Xα are independent, the factor of 2 in these inequalities may be
removed ([4], p. 26), and by taking Bα = {α}, we have b1 =

∑
α∈I p2

α and
b2 = b3 = 0.

Theorem 1 will be our main tool for the results on increasing trees in Sec-
tion 3. For the binary search trees in Section 2, we will need to approximate
a sum by a mixed Poisson distribution, that is, a Poisson distribution whose
parameter Λ is a random variable. The relevant result here is provided by
[4], p. 12:

Theorem 2 Let W have the mixed Poisson distribution Po(Λ). For λ > 0,

(i) dTV(L(W ), Po(λ)) ≤ min(1, λ−1/2)E[|Λ − λ|], and

(ii) dTV(L(W ), Po(λ)) ≤ 1 − e−λ

λ
Var[Λ], if λ = E[Λ].
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2 Unsuccessful and successful search in a bi-

nary search tree

A binary search tree on n nodes is a binary tree labeled with the elements of a
set of keys, which, without loss of generality, we take to be {1, 2, . . . , n}. We
assume a random permutation model. In brief, the distribution of trees under
this model is the distribution induced by building a binary search tree from
a uniformly random permutation. (See [14] for details.) Let Hk :=

∑k
j=1 j−1

be the kth harmonic number.

2.1 Unsuccessful search

Consider the number of comparisons Un in an unsuccessful attempt to find a
key in a binary search tree with n keys. This is precisely the level (or depth)
of insertion of the (n + 1)-st key, when the root is taken at level 0. A result
of Lynch [11] tells us that

P (Un = k) =
2k

(n + 1)!
s(n, k),

where s(n, k) is the signless Stirling number of the first kind. The probability
generating function of Un is thus given by

Gn(z) =
∑

k≥0

zkP (Un = k) =
1

(n + 1)!

n∏

k=1

(2z + k − 1),

which is the probability generating function of a sum of independent Bernoulli
random variables with parameters pk := 2/(k + 1), 1 ≤ k ≤ n. Thus by
Theorem 1:

Theorem 3 Let λn := 2(Hn+1 − 1). Then for n ≥ 1,

dTV(L(Un), Po(λn)) ≤ 1

λn

n∑

i=1

p2
i ≤

4

λn

(
π2

6
− 1

)
.

As a corollary we get that Un satisfies a central limit theorem, a result due
to Brown and Shubert [5].

Corollary 2.1

Un − 2 lnn√
2 lnn

d→ N(0, 1).
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It turns out in this case that (ln n)−1 is exactly the correct rate of the error
of Poisson approximation. By [3],

dTV(L(Un), Po(λn)) ≥ 1

8λn

(
π2

6
− 1

)
.

Remark: As pointed out by a referee, the distribution of Un arises as a
special case of the Ewens Sampling Formula (ESF). In that context, Theorem
3 is given in [2]. In the standard notation of the ESF, our example arises as
a special case corresponding to θ = 2.

2.2 Successful search

Let Sn be the number of comparisons needed to insert a key chosen uniformly
at random from the first n keys. Let η denote a key chosen uniformly at
random. Then Sn = Dη, where Dm is the depth of insertion of key m. By
our earlier observation, Sn = Uη−1. With U0 = 0, we have

P (Uη−1 = k) =
n∑

j=1

P (Uj−1 = k|η = j)P (η = j) =
1

n

n−1∑

j=0

P (Uj = k).

For any A ⊆ Z+ and j ≥ 1,

|P (Uj ∈ A) − Po(λj; A)| ≤ C(Hj+1 − 1)−1,

by Theorem 3, where C = (π2 − 6)/3. Let Po(λη) denote the distribution of
a mixed Poisson random variable where

λη := 2
η∑

j=1

1

j + 1
,

and η is distributed uniformly on {1, 2, . . . , n}. Let λ0 := 0 and Po(0) be
point mass at 0. Then for n ≥ 2,

|P (Uη−1 ∈ A) − Po(λη−1; A)| ≤ 1

n

n−1∑

j=0

|P (Uj ∈ A) − Po(λj; A)|

≤ C

n

n−1∑

j=1

1

Hj+1 − 1
≤ 11Cλ−1

n .

Hence
dTV(L(Sn), Po(λη−1)) ≤ 11Cλ−1

n . (1)
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The next step is to compare Po(λη−1) and Po(λn) using Theorem 2(ii).
Instead of λn we take

λ∗
n := E[λη−1] =

1

n

n−1∑

k=1

λk = λn + O(1). (2)

With the help of Maple, Var[λη−1] = 8 + o(1) and, for n ≥ 2, Var[λη−1] ≤ 8.
Theorem 2 gives

dTV(Po(λη−1), Po(λ∗
n)) ≤ 8(λ∗

n)
−1 ≤ 16λ−1

n . (3)

Combining (1) and (3) we have

Theorem 4

dTV(L(Sn), Po(λ∗
n)) ≤ 32λ−1

n .

From (2), λ∗
n = 2 lnn + O(1). Louchard’s central limit theorem for Sn ([10];

see also [14], p. 80) is a direct consequence.

3 Increasing trees

In this section we use Poisson approximation to obtain limiting distributions
for internode distances in several classes of increasing trees. We also de-
rive some general results for increasing trees which may be of independent
interest.

An increasing tree of size n is a rooted tree labeled by distinct integers
{1, 2, . . . , n} such that the sequence of labels along any root-to-leaf path is
increasing. One can consider increasing trees as growing dynamically: At
time n, tree Tn is formed by joining node n to tree Tn−1, that is, node n
becomes a child of one of the nodes of Tn−1. There are numerous varieties
of such trees. Below we introduce a parametrization which includes many
well-studied examples, such as recursive trees [17] and binary trees.

In working with increasing trees it is convenient to consider an extension
of these trees obtained by adding a different type of node called external at
each possible insertion point. Thus at time n, tree Tn is formed when one of
the external nodes of Tn−1 becomes an internal node (node n) and additional
external nodes are created at node n and possibly at other nodes. The usual
model of randomness on the space of increasing trees is the uniform model,
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i.e., all trees are equally likely. Given a random tree Tn−1 on n−1 nodes, one
obtains a random tree on n nodes by choosing an external node uniformly
at random among all the external nodes of Tn−1. The selected external node
becomes an internal node n in Tn and additional external nodes are created
depending on the growth rule of the tree.

The distance Di,j between nodes i and j in a random recursive tree of
order n was studied by Moon [15] who found the expectation and variance of
Di,j. Dobrow [9] gives exact and asymptotic formulas for the distribution of
Di,j. Mahmoud [12], Devroye [8], and others have studied the height of the
last node inserted in Tn, that is, D1,n.

Let Tn denote a random increasing tree on n nodes. The trees we consider
are governed by a deterministic growth rule: At time n, a fixed number of
new external nodes are created at node n and possibly at the parent of node
n. Let α denote the number of new external nodes created at the parent of
node n. Let β denote the number of external nodes created at node n. The
number of external nodes in Tn, which we denote by Xn, is given by

Xn =

{
β, n = 1
Xn−1 + α + β − 1, n ≥ 2.

Hence
Xn = β + (n − 1)(α + β − 1), n ≥ 1. (4)

Table 1 identifies the above parameters for several increasing tree model-
s. Plane-oriented trees were first introduced by Szymański [19] and further
studied by Mahmoud [13]. For such trees a new node is added with probabil-
ity proportional to 1 plus the outdegree of its parent. Pittel [16] considered
a generalization of such trees where a new node is added with probability
proportional to 1 plus a constant times the outdegree of its parent. Our
parametrization includes such trees, which we call m-oriented trees.

Table 1.

Tree α β Xn

Recursive 1 1 n
Plane-oriented 2 1 2n − 1
m-oriented m 1 m(n − 1) + 1
Binary 0 2 n + 1
m-ary 0 m (m − 1)n + 1
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Remark: In the examples we treat in this paper, the parameters α and β
are both constant. However, similar results can be obtained by letting them
depend on n. That is, the growth rule at time n depends on the label of the
node to which node n is joined. For instance, letting α = 0 and βk ≡ k gives
a tree where node k can have at most k children. It is interesting that the
internode distances for such a tree behave like those of an increasing binary
tree. In particular, the expected distance between the root and node n is
about 2 lnn.

3.1 Exact distribution of distances

For j > i, write {j <c i} for the event that node j is a child of node i.

Theorem 5

P (j <c i) =
β

Xi

j−1∏

k=i+1

(
1 − β

Xk

)
= P (i + 1 <c i)

j−1∏

k=i+1

P (k + 1 6<c k). (5)

Proof The second equality is immediate from the first. By conditioning on
Tj−1,

P (j <c i) =
E[βi,j−1]

Xj−1

, (6)

where βr,s := the (random) number of external nodes of r in Ts (1 ≤ r ≤ s).
Consider βi,j. If j is not a child of i, then βi,j = βi,j−1. If j is a child of i,
then βi,j = βi,j−1 + α − 1. Thus

E[βi,j] = E[βi,j−1]P (j 6<c i) + (E[βi,j−1] + α − 1)P (j <c i)

= E[βi,j−1] + (α − 1)
E[βi,j−1]

Xj−1

=

(
Xj − β

Xj−1

)
E[βi,j−1] = β

j∏

k=i+1

Xk − β

Xk−1

.

With (6) the result follows.

Corollary 3.1 For 1 ≤ i < j − 1,

P (j <c i)

P (j − 1 <c i)
= P (j 6<c j − 1).
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Our main result in this subsection, Theorem 6, is a characterization of
the distribution of Di,n for arbitrary i. For independent random variables X
and Y we write X⊕Y for the sum of X and Y . Let Be(p) denote a Bernoulli
random variable with success probability p. Let 1(A) denote the indicator
of the event A.

Theorem 6

L(Di,n) = L
(
Di,i+1 ⊕⊕n−1

j=i+1Be(pj)
)
, i < n, (7)

where pj := P (j + 1 <c j) = β/Xj.

Proof Without loss of generality, assume that i ≤ n − 2. By conditioning
on the parent of node n,

P (Di,n = d) =
n−1∑

k=1

P (Di,k = d − 1|n <c k)P (n <c k)

=
n−2∑

k=1

P (Di,k = d − 1|n <c k)P (n <c k)

+ P (Di,n−1 = d − 1|n <c n − 1)P (n <c n − 1).

Note that for i, k ≤ n− 2, the distribution of Di,k conditional on {n <c k} is
equal to the distribution of Di,k conditional on {n − 1 <c k}. Also, for fixed
i ≤ n − 1, the random variables Di,n−1 and 1(n <c n − 1) are independent.
These observations together with Corollary 3.1 give

P (Di,n = d) = P (n 6<c n − 1)
n−2∑

k=1

P (Di,k = d − 1|n − 1 <c k)P (n − 1 <c k)

+ P (n <c n − 1)P (Di,n−1 = d − 1)

= P (n 6<c n − 1)P (Di,n−1 = d)

+ P (n <c n − 1)P (Di,n−1 = d − 1).

Thus
L(Di,n) = L(Di,n−1 ⊕ Be(pn−1))

and the result follows.
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Remark: In the case of recursive trees the random variables Di,j and
1(n <c j) are independent for i, j < n. This, however, is not true in general.
Consider, for instance, an increasing binary tree. The event {4 <c 1} implies
{D1,3 = 2}.

For root-to-last node distances, we explicitly identify the Bernoulli ran-
dom variables in (7):

Theorem 7

D1,n =
n−1∑

k=1

1(Ak),

where Ak is the event that node k is on the path from the root to node n.
Furthermore,

P (Ak) = P (k + 1 <c k) =
β

Xk
, 1 ≤ k ≤ n − 1, (8)

and the random variables 1(A1), . . . , 1(An−1) are independent.

Proof The first sentence of the theorem is clear. For i < j, let {j <d i}
denote the event that node j is a descendant of node i. Then Ak = {n <d k}.
Independence follows from the fact that the location where a new node joins
the tree is independent of any previous joins.

To show (8), we show P (n <d j) = P (j + 1 <c j) by induction on n − j.
The basis case n = j + 1 is trivial. Assume n > j + 1. By considering the
parent of node n,

P (n <d j) = P (n <c j) +
n−1∑

k=j+1

P (n <c k, k <d j)

= P (j + 1 <c j)


 P (n <c j)

P (j + 1 <c j)
+

n−1∑

k=j+1

P (n <c k)


 ,

where we have used independence and the induction hypothesis for the last
equality. By Theorem 5,

P (n <c j)

P (j + 1 <c j)
=

n−1∏

k=j+1

P (k + 1 6<c k)

= P (∩n−1
k=j+1{k + 1 6<c k}).
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Also

n−1∑

k=j+1

P (n <c k) = P (∪n−1
k=j+1{n <c k})

= 1 − P (∩n−1
k=j+1{n 6<c k}).

It thus remains to show that

P (∩n−1
k=j+1{k + 1 6<c k}) = P (∩n−1

k=j+1{n 6<c k}).

We do this by (backward) induction on j. The case j = n − 2 is trivial. For
general j,

P (∩n−1
k=j+1{n 6<c k})

= P (∩n−1
k=j+2{n 6<c k}) − P ({n <c j + 1} ∩ ∩n−1

k=j+2{n 6<c k})
= P (∩n−1

k=j+2{k + 1 6<c k}) − P (n <c j + 1),

using the induction step and the fact that {n <c j + 1} ⊆ ∩n−1
k=j+2{n 6<c k}.

Now use Theorem 5 to compute P (n <c j + 1) and the result follows.

It is straightforward to derive the exact distribution and moments of D1,n

for the increasing trees listed in Table 1. The distributions all involve the
signless Stirling numbers of the first kind. To compute the exact distribution,
take the probability generating function E[xD1,n ] of D1,n and use the fact that
for nonnegative integers n and k, s(n, k) is the coefficient of xk in the product
x(x+1) · · · (x+n−1). We omit the details and collect results for root-to-last
node distances in Tables 2 and 3. Results for recursive and plane-oriented
recursive trees can also be found in [12], [13]. Let H

(2)
k :=

∑k
j=1 j−2. For real

r and integer k define (r)k := r(r − 1) · · · (r − k + 1).

Table 2.

Tree P (D1,n = d)
Recursive [(n − 1)!]−1s(n − 1, d)
Plane-oriented [2d(n − 3/2)n−1]

−1s(n − 1, d)
m-oriented [md(n − (2m − 1)/m)n−1]

−1s(n − 1, d)
Binary (2d/n!)s(n − 1, d)
m-ary ((m/(m − 1))d[(n − (m − 2)/(m − 1))n−1]

−1s(n − 1, d)

11



Table 3.

Tree E[D1,n] Var[D1,n]

Recursive Hn−1 Hn−1 − H
(2)
n−1

Plane-oriented H2n−3 − 1
2
Hn−2 H2n−3 − H

(2)
2n−3 − 1

2
(Hn−2 − H

(2)
n−2)

m-oriented ∼ 1
m

log n ∼ 1
m

log n
Binary 2(Hn − 1) 2Hn − 4H(2)

n + 2
m-ary ∼ m

m−1
log n ∼ m

m−1
log n

3.2 Limiting distributions

For all of the increasing trees discussed in the previous subsection, the dis-
tribution of internode distances is asymptotically normal. This follows from
estimating the discrepancy between the distributions of Di,n and a Poisson
variate. Key quantities in estimating this discrepancy are the first two mo-
ments of Di,i+1. For general increasing trees we do not know the distribution,
or even the first moment, of Di,i+1. Thus our estimate is crude, although we
can still show asymptotic normality. Theorem 8 gives more precise results
for the case of recursive trees. The proof of Theorem 8 will require three
lemmas, which we state without proof. For a random recursive tree, Lemma
3.1, first shown by Moon [15], gives the first two moments of Di,n. Lemma
3.2 characterizes the distribution of Di,i+1 as a mixture of sums of indepen-
dent Bernoulli random variables. Lemma 3.3, which gives a general bound
for total variation distance of convolutions, is well-known.

Lemma 3.1 (Moon, [15]) For a random recursive tree,

E[Di,n] = Hi + Hn−1 − 2 + (1/i).

Var[Di,n] = Hi + Hn−1 − 3H
(2)
i − H

(2)
n−1 + 4 − 4Hi/i + (3/i) − (1/i)2.

Lemma 3.2 (Dobrow, [9]) Let δk denote point mass at k.

L(Di,i+1) =
1

i

min(i,2)∑

k=1

δk +
i−3∑

j=0

2

(i − j)(i − j − 1)
L


3 +

j−1∑

k=0

Be
(

2

i − k

)
 .

Lemma 3.3 Let W, X, Y, Z be random variables such that W, X are inde-
pendent and Y, Z are independent. Then

dTV(L(W + X),L(Y + Z)) ≤ dTV(L(W ),L(Y )) + dTV(L(X),L(Z)).
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We proceed with an approximation for the distribution of Di,n. It is
of interest to know the behavior of Di,n when i = in → ∞. We give two
estimates to handle the full range of in.

Theorem 8 For a recursive tree, let λn := E[Di,n] = Hn−1 + Hi − 2 + (1/i).
Then for 1 ≤ i < n,

(i) dTV(L(Di,n), Po(λn)) ≤ 16(ln i)2 + 44

ln(n − 1) + ln i − 2
.

For 2 ≤ i < n,

(ii) dTV(L(Di,n), Po(λn)) ≤
H

(2)
n−1 − H

(2)
i

Hn−1 − Hi
+

11

ln i
.

Proof (i) Let Ak denote the event that node k is on the path from node i
to node i + 1. Write

Di,i+1 =
i∑

k=1

I(Ak).

By Theorem 6, it follows that

Di,n
d
=

i∑

j=1

Yj +
n−1∑

j=i+1

Zj, (9)

where Yj
d
= I(Aj) and the Yj are independent of {Zi+1, . . . , Zn−1}. Further,

the Zj are independent and Zj
d
= Be(pj), where pj := 1/j. Let πj := P (Aj)

for j = 1, . . . , i. Applying Theorem 1, let

Bj :=

{
{1, 2, . . . , i}, for j = 1, 2, . . . , i
{j}, for j = i + 1, . . . , n − 1.

We have

b1 =
i∑

j=1

i∑

k=1

πjπk +
n−1∑

j=i+1

p2
j = (E[Di,i+1])

2 +
n−1∑

j=i+1

j−2

= 4H2
i − 8Hi + 4Hi/i + 4 − (4/i) + (1/i)2 + H

(2)
n−1 − H

(2)
i ,

b2 = E[D2
i,i+1] − E[Di,i+1] = 4H2

i − 8Hi − 4H
(2)
i + 10 − (2/i),
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and b3 = 0. The first result follows, using ln i ≤ Hi ≤ ln i + 1.

(ii) We first derive approximations for Di,i+1 and
∑n−1

j=i+1 Be(1/j). Then
Theorem 6 and Lemma 3.3 will give the result.

Let X1, X2, . . . , Xi be independent Bernoulli random variables with

pj := P (Xj = 1) =

{
1, j = 1, 2, 3
2/(i − j + 4), j = 4, 5, . . . , i.

For 1 ≤ k ≤ i, let Wk :=
∑k

j=1 Xj. Further, let η be a random variable,
independent of the Xj’s,with probability mass function

P (η = t) =

{
1/i, t = 1, 2
2/((i − t + 3)(i − t + 2)), t = 3, 4, . . . , i.

Then, according to Lemma 3.2,

L(Di,i+1) = L(Wη).

Let λ̃i := E[Wi]. Straightforward calculations give λ̃i = 2Hi − (2/3) and

i∑

k=1

p2
k = 4H

(2)
i − (22/9).

Thus for i ≥ 2,

dTV(L(Wi), Po(λ̃i)) ≤
4H

(2)
i − (22/9)

2Hi − (2/3)
≤ C(ln i)−1,

where C = (3π2 − 11)/9. Let λ̃η :=
∑η

k=1 pk. Then

|P (Wη ∈ A) − Po(λ̃η; A)|

≤
i∑

t=1

dTV(L(Wt), Po(λ̃t))P (η = t)

≤ C

(
ln 2 + 1

(ln 2)i
+ 2

i∑

t=3

1

(ln t)(i − t + 3)(i − t + 2)

)
(10)

≤ 7C + 1

2 ln i
,
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where the last inequality is derived by splitting the sum in (10) into
∑bi/2c

t=3

and
∑i

t=bi/2c+1 and bounding the 1/(ln t) factor by its maximum over the
range of summation. We now have

dTV(L(Di,i+1), Po(λ̃η)) ≤
7C + 1

2 ln i
. (11)

Now take λ∗
i = E[λ̃η] = 2Hi − 2 + (1/i). Direct calculation (which we omit)

shows that for n ≥ 9,
E[λ̃2

η] ≤ 4H2
i − 8Hi + 8

and thus Var[λ̃η] ≤ 4. By Theorem 2(ii), for i ≥ 2,

dTV(Po(λ̃η), Po(λ∗
i )) ≤ 4(2Hi − 2 + (1/i))−1 ≤ 2.5(ln i)−1.

Together with (11), we have

dTV(L(Di,i+1), Po(λ∗
i )) ≤

7C + 6

2 ln i
≤ 11

ln i
.

Finally, by Poisson approximation for sums of independent indicators,

dTV(L(⊕n−1
j=i+1Be(1/j)), Po(Hn−1 − Hi)) ≤

H
(2)
n−1 − H

(2)
i

Hn−1 − Hi
.

Applying Lemma 3.3 gives (ii).

Remarks:
1. Theorem 8 implies that a central limit theorem holds for Di,n in the

full range of i. Dobrow [9] also shows asymptotic normality for Di,n by using
moment generating functions.

2. Consider the representation (9) of Di,n. Roughly, all of the dependency
is in Y1, . . . , Yi. Thus it is reasonable that as i grows the accuracy of the
approximation (i) will diminish. For i constant or in = O(lnn), (i) gives a
better bound than (ii). But for in = Ω(n), say, (ii) is better.

3. We omit the case i = 1 in Theorem 8 for technical reasons. In any
case, for i = 1, the approximation of Theorem 9 below gives a better bound.

For general increasing trees we do not have a distributional representation
for the distribution of Di,i+1 similar to Lemma 3.2. However, in the following
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theorem, Poisson approximation for sums of independent indicators afford-
s an effortless result for root-to-last node distances. Devroye [8] proves a
central limit theorem for D1,n for recursive trees by other means.

Theorem 9 Let

λn := β
n−1∑

j=1

1

(α + β − 1)(j − 1) + β
=

(
β

α + β − 1

)
ln n + O(1).

Then

dTV(L(D1,n), Po(λn)) ≤ β2

λn

n−1∑

j=1

1

((α + β − 1)(j − 1) + β)2

≤ 1

λn

+

(
πβ

α + β − 1

)2
1

6λn

.

For fixed i, an argument similar to that given in Theorem 8 holds for
general increasing trees. However, we must use the crude bounds

1 ≤ Di,i+1 ≤ D1,i + D1,i+1.

In all of the tree examples of the previous subsection

pj =
β

(α + β − 1)(j − 1) + β

and thus
n−1∑

j=i+1

pj ≈
(

β

α + β − 1

)
(ln n − ln i).

This gives a bound in the Poisson approximation of order (ln n)−1.
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