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Symmetries of Permutations

symmetry group of a square (D8) acts on Sn

r = reverse c = complement i = inverse
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π contains/avoids σ if and only if πf contains/avoids σf
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Subgroups of D8

H0 = {e}
H1 = {e, rc}
H2 = {e, i , rc , rci}
H3 = {e, rc , ri , ci}
H4a = {e, i}
H4b = {e, rci}
H5 = {e, r}
H6 = {e, c}
H7 = {e, r , c , rc}
H8 = D8

General Question

How many permutations in Sn

avoid a set R of patterns and

are invariant under a subgroup H?

Classical: H = H0

Involutions: H = H4a

Nothing is invariant under r or c .

H4a and H4b are conjugate.

Eric S. Egge Restricted Symmetric Permutations June 15, 2007 3 / 15



Subgroups of D8

H0 = {e}
H1 = {e, rc}
H2 = {e, i , rc , rci}
H3 = {e, rc , ri , ci}
H4a = {e, i}
H4b = {e, rci}
H5 = {e, r}
H6 = {e, c}
H7 = {e, r , c , rc}
H8 = D8

General Question

How many permutations in Sn

avoid a set R of patterns and

are invariant under a subgroup H?

Classical: H = H0

Involutions: H = H4a

Nothing is invariant under r or c .

H4a and H4b are conjugate.

Eric S. Egge Restricted Symmetric Permutations June 15, 2007 3 / 15



Subgroups of D8

H0 = {e}
H1 = {e, rc}
H2 = {e, i , rc , rci}
H3 = {e, rc , ri , ci}
H4a = {e, i}
H4b = {e, rci}
H5 = {e, r}
H6 = {e, c}
H7 = {e, r , c , rc}
H8 = D8

General Question

How many permutations in Sn

avoid a set R of patterns and

are invariant under a subgroup H?

Classical: H = H0

Involutions: H = H4a

Nothing is invariant under r or c .

H4a and H4b are conjugate.

Eric S. Egge Restricted Symmetric Permutations June 15, 2007 3 / 15



Subgroups of D8

H0 = {e}

H1 = {e, rc}
H2 = {e, i , rc , rci}
H3 = {e, rc , ri , ci}

H4a = {e, i}

H4b = {e, rci}
H5 = {e, r}
H6 = {e, c}
H7 = {e, r , c , rc}
H8 = D8

General Question

How many permutations in Sn

avoid a set R of patterns and

are invariant under a subgroup H?

Classical: H = H0

Involutions: H = H4a

Nothing is invariant under r or c .

H4a and H4b are conjugate.

Eric S. Egge Restricted Symmetric Permutations June 15, 2007 3 / 15



Subgroups of D8

H0 = {e}

H1 = {e, rc}
H2 = {e, i , rc , rci}
H3 = {e, rc , ri , ci}

H4a = {e, i}

H4b = {e, rci}

H5 = {e, r}
H6 = {e, c}
H7 = {e, r , c , rc}
H8 = D8

General Question

How many permutations in Sn

avoid a set R of patterns and

are invariant under a subgroup H?

Classical: H = H0

Involutions: H = H4a

Nothing is invariant under r or c .

H4a and H4b are conjugate.

Eric S. Egge Restricted Symmetric Permutations June 15, 2007 3 / 15



Subgroups of D8

H0 = {e}

H1 = {e, rc}
H2 = {e, i , rc , rci}
H3 = {e, rc , ri , ci}

H4a = {e, i}
H4b = {e, rci}
H5 = {e, r}
H6 = {e, c}
H7 = {e, r , c , rc}
H8 = D8

General Question

How many permutations in Sn

avoid a set R of patterns and

are invariant under a subgroup H?

Classical: H = H0

Involutions: H = H4a

Nothing is invariant under r or c .

H4a and H4b are conjugate.

Eric S. Egge Restricted Symmetric Permutations June 15, 2007 3 / 15



Enumerations of S rc
n (R) Rotation by 180◦

S rc
n (R)

set of permutations in Sn which

avoid R and

are invariant under H1 = {e, rc}.

Theorem

|S rc
2n(∅)| = |S rc

2n+1(∅)| = 2nn!

Theorem (E)

|S rc
2n(132)| = |S rc

2n+1(132)| = 2n

Example

s s
s

s
s s

351624

Example

r r
r

r
r

r
r r

35827146
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More Enumerations of S rc
n (R) Rotation by 180◦

Theorem (E)

|S rc
2n(132, 123)| = |S rc

2n+3(132, 123)| = Fn+1

Theorem (E)

|S rc
2n+1(123)| = Cn

Theorem (E)

|S rc
2n(123)| =

(2n
n

)
Theorem (E)

|S rc
2n(123, 2143)| = F2n

Example

s
s s s s

s
513462

Example

r
r

r r
r r
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28536417
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A Connection with Signed Permutations

signed permutations = permutations which may have overbars

Bn = signed permutations of {1, 2, . . . , n}

|Bn| = 2nn!

Bn −→ S rc
2n

π 7→ πs

s s
s s

s s
s s

3412
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Restricted Signed Permutations

Theorem (E)

For every set R of permutations there is a set T of signed permutations
such that

π avoids T if and only if πs avoids R.

Example

π avoids 12, 12, 321, 321, 321, 321 if and only if πs avoids 123.

|Bn(12, 12, 321, 321, 321, 321)| =

(
2n

n

)
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Enumerations of I rc
n (R) Involutions in S rc

n (R)

I rc
n (R)

set of permutations in Sn which

avoid R and

are invariant under H2 = {e, i , rc , rci}.

Theorem (E)

|I rc
2n| = 2|I rc

2n−2| + (2n − 2)|I rc
2n−4|

Theorem (E)

I rc
n (R) = S rc

n (R) if 132 ∈ R.

Example

s s
s

s
s s

351624
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More Enumerations of I rc
n (R) Involutions in S rc

n (R)

Theorem (E)

|I rc
2n+1(123)| =

(
n

bn
2c

)

Theorem (E)

|I rc
2n(123)| = 2n

Theorem (Guibert and Pergola, 2000)

|I rc
2n(2143)| =

n∑
i=0

n!

(n − i)!bi/2c!di/2e!
.

Example
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r

r
r

r
r r
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A Connection with Signed Involutions

Theorem (E)

πs ∈ I rc
2n if and only if π is a signed involution.

Theorem (E)

For every set R of permutations there is a set T of signed permutations
such that a signed involution π avoids T if and only if πs avoids R.

Example

There are exactly 2n signed involutions in Bn(12, 12, 321, 321, 321, 321).
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Enumerations of S90
n (R) Rotation by 90◦

S90
n (R)

set of permutations in Sn which

avoid R and

are invariant under H3 = {e, rc , ri , ci}.

Theorem (E)

|S90
4n | = |S90

4n+1| = 2n(2n− 1)(2n− 3) · · · 3 · 1

Theorem (E)

|S90
4n (1324)| = (n + 1)2n−1

Example

r r
r

r
r

r
r r

35827146
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More Enumerations of S90
n (R) Rotation by 90◦

Theorem (E)

|S90
4n+1(1324)| = 2n

Theorem (E)

|S90
4n (2143)| = |S90

4n+1(2143)| =

(
2n

n

)

Example

r
r

r r
r r

r
r

28536417

Eric S. Egge Restricted Symmetric Permutations June 15, 2007 12 / 15



More Enumerations of S90
n (R) Rotation by 90◦

Theorem (E)

|S90
4n+1(1324)| = 2n

Theorem (E)

|S90
4n (2143)| = |S90

4n+1(2143)| =

(
2n

n

)

Example

r
r

r r
r r

r
r

28536417

Eric S. Egge Restricted Symmetric Permutations June 15, 2007 12 / 15



A Connection with Signed Permutations

Theorem (E)

For all π ∈ Bn, we have πs ∈ S90
2n if and only if π−1 = π.

Example

There are exactly 2n(2n − 1)!! signed permutations in B2n with π−1 = π.
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A Conjecture

Theorem

Fix σ ∈ S4.

If |S90
4n (σ)| is not eventually 0 then σ is Wilf-equivalent to one of 1342,

1324, 2143, 2413.

Conjecture

For all n ≥ 0,
|S90

4n+1(2413)| = |S90
4n (2413)| = dn,

where d0 = 1 and

dn = dn−1 +
n∑

k=1

2kCk−1dn−k .
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