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Notation

.., 0;,) = permutations in S, which avoid each of

.., 0m) = involutions in S, (01, ..., 0n)

n>0
[(O’l, ,Um) = [n<017 7Om)
n>0
(ky =12...k



Direct Sums

(r @ o)(i) = (1) if 1 <i<|nx
' | +o(t—|rx]) if|n|+1<i< x|+ |0

Example: [3] @ (4) = 321 @ 1234 = 3214567

if m % 7 P my then 7 is called P-indecomposable

Every permutation factors uniquely into &-indecomposables

ﬂ-:ﬂ'l@ﬂ'Q@...@ﬂ'k



Skew Sums

@) o i1 <i<|n
<7T@O)<Z>_{J(i—|7r|) if || +1 <7< |n|+ |0

Example: (4) & [2] = 1234 & 21 = 345621

if m # m © my then 7 is called ©-indecomposable

Every permutation factors uniquely into &-indecomposables

T=T1OmMO: O T



S5(132) and Continued Fractions

Krattenthaler's Bijection:
lattice paths
(0,0) to (n,n)
Sn(132) == > steps N (0,1) and E (1, 0)

never below y = =

R T I ———— > 3 (ht]iS))

sem

E
Applying a result of Flajolet:
12... k(r 1
> 1= i
TeS(132) k>1 - ) L1X2
1 561563563
o JU I
o !
1 — ...

Last line also proved by Robertson, Wilf, and Zeilberger (1999),
Mansour and Vainshtein (2000), and Brandén, Claesson, and
Steingrimsson (2002).



S5(132) Recurrence Relation

(Mansour and Vainshtein, 2001)

Recursive formula for

Grlz) == |9,(132,7)|z".

n>0

&-factorization of Tis ™1 © -+ - © T

k
Gﬂ_ =14+ Z (Gﬂ'lg"'@ﬂi Gﬂ'l@"'@ﬂ'i—l) Gm@...@ﬂ’k
1=1
ol
o
g

Inclusion-Exclusion allows 7 to be replaced with any set.



Chebyshev Polynomials of the Second Kind

sin((n + 1)t)

Up(cost) = _
sin ¢

U_1<£C) =0

U()(ZC) =1



S5(132) and Chebyshev Polynomials

(Chow and West, 1999; Krattenthaler, 2001; MV, 2001)

<

U. 1
Gy (2) = Glep-— (@) = éz;((i 1))

&l

(MV, 2001)
1

2V/x

Unso(t)Upgsc—1(£)Upre(t) + Up—1 () Up(2)

t =

Gy, olx) =2t
OISIOIST >< ) a+b< ) a+c< )UZH—C(t)

Gayemelo (@)

Ua+b+c<t) Ua+b+c—1 <t) - UcH—b—l <t) UcH—c—l <t) Ub+c—1 <t)

=2t Upip(O) Ui c(t)Ups ()




5(1243,2143) and Continued Fractions

Egge and Mansour Bijection:
lattice paths
(0,0) to (n —1,n — 1)
5n(1243, 2143) —mmm e > steps N, E, D (1,1)
never below y = x

Applying Flajolet’s Result:

12..k(n X1
Z H L1L2

k>1 1 — X1 —
1€S5(1243,2143) 1 — 2129 — - -

Bijection given simpler description by Reifegerste (2003).



5(1243,2143) Recurrence Relation

(Egge and Mansour, 2003)
Recursive formula for

Ho(z) =) [5,(1243,2143, )["

n>0

Hﬂ’EBl — 1 + xHﬂ@l + <Hﬂ— - 1)<Hﬂ—@1 - 1)

Open Question: Is there a recurrence when 7 is layered?

7T:<l1,...,lm> = <l1>@"'@<lm>
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5(1243,2143) and Chebyshev Polynomials

(Egge and Mansour, 2003)

Hipe - (x) =1+

Sre—1(z)
fi(x)

Hogiop-3)(x) =1+
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[(3412) and Lattice Paths

Bijection:

1. Each entry is one step.

2. Fixed points map to level steps.
3. If i > m(7) then ith step is D.
4. 1f ¢ < (i) then ith step is U.

Example:

32186574  —— /W
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[(3412) and Continued Fractions

> I :
562562
rel(3412) k>1 [ — 12
l — zz5w3 —
2n 202 201 2n+1 on
numerator: HZCS m+ () denominator: 1 — H ZC< )
1=1 1=1
statistic expression numerator denominator
inversions 21(m) g 1 — xg*"
| to r maxima Z(—l)k_lk L) 7 l—=x
k>1
r to | minima Z(—l)k_lk L) 7 l—=x
k>1
fixed points Z(—Q)k_lk L) 7 1 —xq
k>1

Open Question: Is there a simple interpretation of

> (=3 kL A(w)?

k>1
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[(3412) Recurrence Relation
Define

Jo(w) == " |1,(3412, )|z
n=0

p-factorization of wis ™ B - - - D 7

k
:]71— =1+ ZC:]@ + ZC2 Z (:]71—1@—@71—2 - :]771@...@71—2._1) Jﬂi@...@ﬁk
1=1

(3 := remove first entry of 7 if it's 1.

7 = remove first entry of 7 if it's largest and remove last
entry of 7 if it's smallest.

Inclusion-Exclusion allows 7 to be replaced with any set.
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[(3412) Recurrence Relation

k
2
:]71— =1+ ZC:]@ + T Z (:]71—1@—@71—2 - :]771@...@71—2._1) Jﬂi@...@ﬁk
1=1

15



[(3412) Recurrence Relation Example

k
2
:]71— =1 —+ ZC:]@ + X Z (Jm — :]771@...@71—2._1) Jﬂi@...@ﬁk
1=1

m = 3127564 = 312 @ 4231

Jr=1+ad;+2*(Jio — Jg)Jr + 2°(Jr — Ji2) Jsom

1 — 2% J4931J1

1 — €r — ZC2J12 — ZC2J4231

Jr ()

(1—2)(1 -2z — 2?)

Jo(z) =
() 1 — 4z + 322 + 223 — x4
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Enumerations

Fy = Py =
P = P =
Fnp=1F, 1+ F,» P, =2P, 1+ P,

1,(3412, 321)| = Fi

11,(3412, 2143)| = 2"

3
1,(3412,1243) = —Fp + = F, — °F, + 1
5 57" 5
PPy +1
11,(3412, 3421)] = - ; Lt

2Fn+3+nFn+2+Fn+1+nFn
D

11,(3412, 13254)] = 3-2" ' —

1
|[n<34127 54312)| - 5 (Fn+1 - F2n—1)
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1(3412) and Chebyshev Polynomials

1l —x
Vk:Uk( 21 )

_ Vi
xVj,

_ W_l + V}g—2
z (Vi + Vic1)

Jr) (@) Jpr—1)()

Vi—9
J[k—2]@231<x) — J[k—2]@<2> () = xVi_q

W_Q + V}g—B
Ji—3em13() = Jjpgje12(2) = T (Vie1 + Vieo)

1—z+2)Vig+ (x— 1)zViy
l—z+2%)xVio + (x — 1)a*Vis

J[k_?)]@(?)) (z) = (
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Layered Permutations and a Conjecture

U1, ..l =] llb]e- - @l

Theorem (E):
Tty = i

Theorem (E):

‘/}ﬂ +ko+k3 ‘/}ﬂ +ko+ks—1 + ‘/}ﬁl +ko—1 ‘/}ﬁl +ka—1 ‘/}ﬁg—f—kg—l

J[Qk 2ko 2k Vi Vi Vi
17 27 3]
X ki+koVEk1+ksVkotks

Conjecture: Jy;, ;.1 1s symmetric in [y,. .., [,.

I EEEEE)

Proved for m = 2, 3 and verified with Maple form =4, [; <
20 and m =5, [; < 11.
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A Connection Between 5(132) and [(3412)

Recall:

‘/}ﬂ +ko+k3 ‘/}ﬂ +ko+ks—1 + ‘/}ﬁl +ko—1 ‘/}ﬁl +ka—1 ‘/}ﬁg—f—kg—l

J (211 2k9.2k) =

G(a,b,c} (ZC)

x‘/}ﬁl +ko ‘/}ﬁl + ks ‘/}ﬁg—f—kg

Ua+b+c<t) Ua+b+c—1 (t) - Ua+b—1 (t) Ua+c—1 (t) Ub+c—1 (t)

=2t Upip(O) Ui c(t)Ups ()

Theorem (E):

1seees m
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Even and Odd Permutations in /(3412)
(Joint work with Toufik Mansour)
Continued Fractions

C+<ZC1,ZCQ, Z H k..21(m

wel(3412) k>1

O (55'1, To, . . ) - Z (_1)sign(7r) H x/]z..Ql(w)

rel(3412) k>1

C_<561, Lo, .. ) = C+<561, —X9, X3, .. )

('~ has a nice continued fraction expansion.
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Even and Odd Permutations in /(3412)
(Joint work with Toufik Mansour)
Recurrence Relation

Jow) = 3T (=1l

mel(3412)
k
J7T — 1_|_£C:]6 - ZC (Jm - Jﬂ—l@"'@ﬂ—i—l) !]772@@77]{:
1=1
Q2
|Ozl| + 2
[
a1
]
1
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Even and Odd Permutations in [(3412)
(Joint work with Toufik Mansour)
Chebyshev Polynomials |

Wola) = U, (1 _5”)

Wi
J- k-1

B _ Wi_o —ixW_3
@ =

[2k—1] (:C) - ’i:C(Wk_l — ’iZCWk_g)

B B Wi—o —ixWj_3
J[k_3]6213<x) - ‘][k—3]9132<x) — (W1 —ixWy_9)

If £ and [ are not both odd then
T (@) = Jjpy ().

Wiitko—1 — 20Wiy yhy—2 — Wi i3

J- ) = - .
[2/€1—1,2k2_1]< ) ZCU<W/<:1—{—/<:2 — 2ZW]<;1—|-]<;2—1 - Wkl—f—kg—?)

J[27€1,2/€2,2/€3]
Wi kot ks Wi kgt ks —1 + Wi byt Wi g — 1 Wi i1
LWy koW 1 ks Whgkg
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Even and Odd Permutations in /(3412)
(Joint work with Toufik Mansour)
Chebyshev Polynomials II

Conjecture: '][l_

Tseees lm

]<ZC) is symmetric in [y, ..., 1.

Proved for m = 2, 3 and verified with Maple form =4, [; <
20 and m =5, [; < 11.
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For More Details

http: \\www.gettysburg.edu\~eegge\professional.html
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